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This note motivated by the following problem: [1]
Let (f,) be the Fibonacci sequence fo =0, f1 =1, fry1 = fu + fu—1,mn € N.

Determine h,, = Z fifjfr, where the sum is over 4,5,k >0 and i +j+k =n.
i,k

We will consider general problem of calculation sum
i1+i2+...Fip=n

Sm (n) = Z fil fj,z...fim
11,82,..058m 20
for any nonnegative integer m and n.(Sp (n) = 0 as sum by empty set).

Easy to see that in particular Sy, (0) =0 and S; (n) = fy.
i1+i2+...Fip=n

We have S, (n) = Z fis fieifine =
il;i2a-~'7inz720
i14ia+...4im_1<n n—1i1+i2+...+im_1=k
> Fir FinoooFinn s (i bintotim ) = > Firfiz oo Fim s -
11,82,-,%m , 20 k=1 i1,i2,...,im,>0

n d1t+iz+...tim_1=k

’I'L—|—1 Z Z fi1fi2"'fim71fn+1*k =

11,9250 yim ,>0

n i1tizt.. +1m 1=k n d1tizt.tim—_1=k
Z > fir Figooofiy s Fre wz > fir fig oo firy o o1k =
11,82,.,%m, >0 11,02,00,%m, 20
—1t1tist...+im—1=k i1 +22+ Aim—1=n
Z Z fis Fig oS s Frote Z fisfigeofirs front
11,02,..8m, >0 01,02,0.8m, 20
n 11+12+ A 1=k n—21t1+i2+...+im_1=k
> > firfigfim s Fami—k = S (W)Y > i fig oo Fim s Fum1—it
k=1 i1,i2,eeyim,>0 k=1 i1,02,0sim,>0

i1+io+...Fim_1=k

Z Z filfiz“'fimf1fn717k =

k=n—1 ’L‘l,iQ,...,’L'm,,ZO



About one multidimensional sum with Fibonacci Numbers

i1+ttt Fipmo1=n—1 i1+i2+...Fim_1=n
S (n)+ S (n = 1)+ > fir fig o fimor fnm1—(n—1)+ > fisfigeoifio s Fnm1-m =
11,8200y 8m 20 11,8250 0yim, >0

i1+i2+...Fim—_1=n
Sm (”)"’ Sm (n - 1)"’ Z Jisfigefip_s J-1 = Sm (n)—|— Sm (n - 1) +

11,8200y 8m >0
i1t+i2+...+im_1=n

> fir Finee-fire s = Sm () + Sy (n — 1) 4+ Spu_1 (n) .
01,8250y, >0

Thus Sy, (n+1) = Sy, (n) + S (0 — 1)+Sp—1 (n) ,n,m € N. (1)

Using recursion (1) we will find consequtively explicit formulas for
Sz (n),S3(n) and Sy (n).

ititk=n n itj=k
Note, that since fo = 0 then h,, = S3(n) = Z fifife = Z Z fififn—rk.
i,5,k>0 k=0 i,j>0

Also we will use
short notation g, for sum S; (n) and s, for sum Sy (n).
Namely, for m = 2,3,4 (1) becomes, respectively,

In+1 = Gnt+ gnfl"_fnvn € Na (2)
Ss(n+1)=S53(n)+ Sz (n—1)+ 5 (n) <
hn+1 = hn+ hn—1+gn7 n e N7 (3)

Sn+1 = Sp+ Sn—1t+h,, n € N. (4)

Consider now Fibonacci Operator F defined by F (a,,) := api1 — ap — an-1
for any sequence (ay),,~, of real numbers and in particular for any
integer k consider two special applications of operator F namely:
1. F (anfn—i-k) - an+1fn+1+k*anfn+k*an—lfn—l—i—k = An+1 (fn+1+k - fn+k - fn—1+k) +
A1 fotk + Gng1fo14k — @nfork — Gno1fo10k = (@ny1 — an) frogr +
(an+1 - anfl) fnflJrk -
(@nt1 = an) frtrt(ant1 — an—1) (fat14k = fosk) = (@nt1 — Gn-1) fasr+1—
(an - an—l) fn+k~
SO7 F (anfn+k') = (an+1 - an—l) fn—&—k—&-l*(an - an—l) fn+k (5)
2. F(anfoirs1) = anirfoikr2—0nfoikr1—n-1 ok = any1 (fovka2 — foskrr — foaw) +
A1 fntbt 1 T it frogk = Gnfrikt1 — o1 fogk = (@np1 — an) froorr1 +
(an+1 - a/nfl) fn+k:~
SO, F (a'nfn-l-k-‘rl) - (an—i-l - an) frb+k+1+(an+l - an—l) fn—i—k- (6)

Also note that F'(a,) =0 < a, = (a1 — ag) fn + aofnt+1( can be proved
by Math Induction)
Co = Qo
c1+co =aq
Now we ready to find ¢,, h, and after s,.

(02 = ap,C1 <
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Applying (5) and (6) to a, = n we obtain:

F(nfnir) = 2fnsek — farre—1 and F (nfuirr1) = forrs1 + 2fngr for any
integer k.

Since for k = 0 we have " (fn+1) = fui1 + 2ful and [F (0fn) = 2fni1 — fil

then

F(nfps1)+2F (nfn) = fror14+2fn+2( 2fns1 — fn) = 5fny1 and, therefore,

fo1=F (nfn+1;—2nfn> .
AlSO, 2F (nf71,+1) - F(nfn) == 2fn—i—l + 4fn - (an—i-l - fn) == 5fn —
f=F <2nfn+1 —nfn
" 5

Hence, (2) <= F(gn) =F 2nfn+1—nfn) =

5
2 n - n
» (Qn _ nf+15nf> —0 s
2n -n
gn = % + le7L+1 + Can-

Since go=0=c;-14+¢c-0 < ¢, =0 and
g1=0=ci-1+4cy-14+"—

2n fr 41 _nfn_& _ 2nfni1 — (n+ 1) In

1
@ty 2T Tyteng 5 5 5

53 (n) = 22Jot _5(n D

Thus, |gn =

and now we can find h,,.

Applying (5) and (6) to a,, = n? we obtain:

F (02 fuir) = (0417 = (0= 1) fusss = (02 = (0= 1)%) fup =
4nfn+k+1—(2n - 1) fogr = F <n2fn+k) = 4nfn+k+1—(2n - 1) frtk

and
F(n?fryrs1) = ((” +1)2 - n2) Jntks1 + ((n +1)% = (n - 1)2) frtr =
(2n+ 1) forkr1H4nfoin. <= F (0 foing1) = @n+1) fosrer1+4nfoin

In particular for £ =0 in (10) and (11) we obtain

F (nzfn) =dnfpy1— (2n—1) f, and F (nzan) =(2n+1) foy1 +4nfn.

Hence,

F (2n2fn) + F (n2fn+1) = 8nfni1 — (An—2) fut+ 2n+1) fop1 +4nf, =
10nfry1 <=

10n.fn+1 =F (n2fn+1 + 2n2fn) —2fn — f7L+1 <~

10nfr41 =F (ann,+1 + 2n2fn)72F ( 5 5

2 (2nf7l+1 - nfn) - nfnt1 + 2nfn> N
5 5 o

10n.fn+1 =F <n2f’n+1 + 2n2fn -
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(9)

20 frni1 nfn>F <nfn+1 +2nfn> —

(7)

(8)

(10)

(11)
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(12)

n?—n n?
F((0? =) fuss +20%) = fua = F << ) o +2 f)

and

F (2n2fn+1) —F (nzfn) =An+2) fur1+8nfn— (Anfrop1 — (2n—1) f) =
10nfn - fn + 2fn+1 — F (2n2fn+1 - n2fn) = 10nfn - fn + 2fn+1 And
10nf, = F (202 frq1 — 02 fp) 4 fo — 2fn1 <=

10’flfn =F (2n2fn+1 - n2fn)+F (2nfn+g_ nfn —F (ann+15+ 4nf"> =

2nfos1 —nfn (2nfn+1 +4”fn>) =F (20 fpi1 — (N +n) f,) <=

r (2n2fn+1 - n2fn +

3 5
o (B ) (), a
Since (n+ 1) fu = nfatfo=F <2"2f”“ *18”2 +n) f")+F (W) _
p (2 = (24 n) fo | 2nfasn—nfu) (n (2(n+2) fars — (n+3) fn)>
10 5 10

then using (13) , (12) and (8) we obtain 5¢g, =2nf,41 — (n+1) f, =

) 10 5

_ (% = n) fag1 +202f, B 202 frp1 — (P2 +n) fy _ 2nfnia —nfn> B
B 5 10 5 B

I ((577,2 + 3n) fn— ann+1> .

10

(5n2 + 3n) fn—6nfri1
50

(5n2 + 3n) fn — ann“) o0 —

That is g, = F and, therefore,

2)<~— F|h,—
(2) 20

5n% + 3n) fn — 6nfn
hy = ( )50 * +len+l +C2fn-
2 1
Since hg =0 = ¢; and h1:0:—+02<:>02:7%then
5n% 4+ 3 n— 6nfy, 5n% 4+ 3n —2) fn — 6nfn
(n+n)f nf+1_fiz(n+n )f an.Thus,
50 25 50
(5n2 +3n — 2) fr, — 6nfpi1
50

hp =

hn = 53 (’I’L) =

Remark.

Now we consider another way to obtain g,,.

Note that F (F (g9,)) = F (fn) =0 and F (F (F (h,))) = F (F (9n)) =
F (fn) =0.
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Since characteristic polynomials of F (F (g,,)) and F (F (F (hy)))
are (x2 —x— 1)2 and (:c2 —x— 1)3 respectively, then
_ Gn, hn = P(TL) ¢n + Q (77,) ¢na

where ¢, ¢ roots of equation 22 —x — 1 — 0 and P (z),Q () polynomials
of degree that does not exceed 1 in the case of g, and 2 in the case of h,,.
Since ¢ and 5” can be represented as linear combination of f,+; and f,
then also we can represent gy, h, in the form P (n)¢" + Q (n) ¢ § namely

gn = (an +b) foy1 + (en+d) fo = anfny1 + (en +d) fo
(because go = 0) and h,, = (an2 +bn + c) fra1 + (pn2 +qn+ 7') fn=
(an? +bn) frp1 + (pn® +qn + 1) fn (because ho = 0),
wherego =01 :0,92 = 1,g3 :2,h0 :h1 :hz :O,hg, = 1,h4 =3
Since g1 =0 <= a+c+d=0, g0 =1 <= 4da+2¢c+d=1,9g3 =2 <—
9a + 6¢+2d =2 then { Saa:;c_:; { Ca:—_21//55 = d=-1/5
and, therefore,

o 2nfpy1 —(n+1) fo
gn = 5 .
Or, we can obtain gy, by substitution g, = anf,i1 + (cn+d) f, in
In+1 —9Gn — Gn—-1 = fn
Indeed,
a(n+1) fare+ (c(n+1)+d) fog1 —anfoyr — (en+d) fo —a(n—1) fo—
(c(n—1)+d) far = fu = a(n+1)(fars+ fu)+(c(n+1)+d) fur1—
anfoi1 —(en+d) fo —a(n—1) f — (c(n—=1) +d) (fot1 — fa) =
fo = (a+20) fa1+(2a—c) fu=fu =
{a+200 — a=2/5

20 —c=1 c=-1/5
Since F' annulate the df,, then value of d we can’t obtain by this way.
But we canuse g1 =0 <= a+c+d=0 = d=-1/5.
Similarly, we can find h,,, namely, since F' annulate the rf,, we can

determine a, b, p, g by consideration identity

F ((an® +bn) for1 + (pn® +qn) fo) = 2 fn i1 —5(n +1) /o and after

find 7 from condition h1 =0 <= a+b+p+q=0.
Consider now calculation of s, = Sy (n).
Applying (5),(6) for a, =n3, k=0 we obtain

F (n3f,) = ((n +1)° — (n— 1)3) Foir — (n3 (- 1)3) £, =

(6n% +2) frp1— (3n? —=3n+1) fu (14)
F (03 fo1) = ((n + 1% n3) Foit + ((n F1 = (- 1)3> £, =
(3n2 +3n+1) fri1+ (602 +2) f, (15)
Since g, = 2nfur = (04 1) f”, fo=F(gn) ,nfn=F (%) and

5
n2_n fn 1+2n2fn
Nfps1 =F ( ) 18

F (203 froy1) — F (n3fn) = (6n% 4+ 60+ 2) frp + (1202 4 4) fr—

then
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((6n* +2) far1 — (30° = 3n +1) fo) = 150° fo + 6nfpr — (30— 5) f =
(n2 _ ’fl) f’n+1 + 27’L2fn> _3F (ngn

15n2f,, + 6F n
- f, +6 10 5

>+5F(gn) —

1502 f, = F (20°fo41) — F (nf,) — 6F <("2 —n) f;gl i 2"2f”> +
3F (%) _5F (gn) =

- <2n3fn+1 g, 3P 0) o+ 2) | Bn—10) 20fugs = (n 1) fn>

5 2 5
. ((10 +7n — 1502 — 10n%) f, + (20n° — 14n) an)

10

10 + 7n — 15n% — 100%) f,, + (20n° — 14n) f,

Thusl5n2an<( +7n — Lon nl)of + (20n n)f+1> —
nzfn_F<(10+7n—15n2—10n3) fu + (2007 — 14n) fn+1> o)
150

5n2 +3n — 2) fn — 6nfn 2 ) £, om?f,

Since S3 (n) = hy, = ( nEen )f nf +1,nfn+1:F (” n)f+1+ n°f, ,
50 10
Mm2fy i1 — (n2 3

’rl.f’n:F( n” fnt1 1(()n +n>f ) then F (S4(n)) = S5 (n) <
F(S”):E'Tﬂfn"’%'Tlfn_%fn—%nfn_;'_l:

_.F —F
10 150 +50 10

2 2 _ 2 _ 3 3 _
iF(gn)—EF (n? = n) fop1+2n2fn :F((10—|—7n 15n2 — 10n3) fn + (20n 14n)fn+1+

25 25 10 1500
3 (2n2fn+1 - (n2 + ’I’L) fn) - gi - 3 ((TL2 - n) fn+1 + 2n2fn)) _

500 25 250
. (10 + 7n — 1502 — 10n?) f, + (20n® — 14n) foy1 3 (20 foy1 — (0% +n) fn)
( 1500 N 500 -
fpir— (n+1) fo 3((n*—=n) fap1+202f,) _
125 B 250 )=
. ((11 +5n = 30n% — 5n%) f, + (100 — 10n) fui1

1 ((10 +Tn — 1502 — 1003) f, + (20n® — 14n) fn+1> 3 (22fns1 — (n?+n) fn> B

750
(11 + 5n — 30n? — 5n?) f, + (100 — 10n) fni1
750
Since sg = sg = 0 then ¢; = 0 and ¢ = —— and, therefore,

(11 +5n — 30n? — 5n3) fn+ (10713 — IOn) fot1  19f,

on 750 750

Hence, Sn = +len+1+c2fn
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(30 + 5n — 30n% — 5n?) f,, + (100 — 10n) fre1

750
(n—1)(n+1)2nfas1 — (n+6) fa)
150 )
(n—1)(n+1)2nfas1 — (n+6) fn)

Thus, | s, = S4(n) = 150 . (17)

Remark.
Since S, (n) = P, (n) fne1 + Qm () fn, where Py, (z), Q. (x) some
polynomials of degree less then m (because F,, (S, (n)) =0,

where F,,, = F'o F o...o F and charaterictic polynomial of F},, is
m times

(22 — 2 — 1)m) then we can obtain all coefficients of P, (z), Q. (x)

(excluding free coefficients) by subsitution S, (n) in (1)

(of course in supposition that we know S,,—1 (n) in the form

P11 (n) fne1 + Qm—1 (n) fn, that is in supposition that we know

polynomials P,—1 (), Qm—1 (x) ).

And after using Sy, (0) = Sp, (1) = 0 we can detrmine

free terms of both polynomials.

Since Py, (Tl + 1) Jnt2 + Qm (TL + 1) fo+1— Pm (n) o1 — Qm (Tl) fn—

Pm (’I’L - 1) fn_Qm (7’L - 1) fn—l = P7n (n + 1) (fn+1 + fn)"’QnL (n + 1) fn+1_

P () frgr = Qu (n) fo = Pro (n = 1) fro = Qm (n = 1) ((fag1 — fn)) =

Foes (P (2 1) + Qo (2 1) — Py (1) — Qo (1 — 1)) +

fo (P (n+1) = @ (1) — Por (n— 1) + @ (n — 1)) =

fuit (P (1) = P (1) + Qo (0 41) ~ @ (n— 1)) +

fo (P (n+1) = Py (n = 1) = @ () + Qi (n — 1))

then F (Sp, (n)) = P11 () fo41 + Qm-1 (n) fr implies
{Pm(n+1)_Pm(n)+Qm(n+1)_Qm(n_1):Pm1(”) (18)

Pp(n+1)=Pn(n—1) = Qm(n) +Qu(n—1)=Qn-1(n)

1. Mathematical Horizons, September,1966-Problem 55, Proposed
by David M. Bloom.
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